Based on t,he fractional Fourier transformAtion of sampled periodic functions, the discrete form of the fractional Fourier transformation is obtained. It is found that only for a certain dense set of fractional orders such a discrete transformation is possible to define. Also, for its efficient computation a fast algorithm, which has the same complexity as the F F T , is given.
1, INTRODUCTION
The fractional Fourier transform [I, 2, 3, 41 has found many applications in the solution of differential equations [a, 31, quantum mechanics and quantum optics [5, 61, optical diffraction t,lieorg and optical beam propagation (including lasers), and opt,ical spsbems and optical signal processing [l, 8, 9, 10, 11 131, swept-frequency filters [4], time-variant filtering and multiplexing [l], pattern recognition and study of timefrequency distributions [IS] . The recently studied Radon transformation of t,he Wigner spectrum 1141 is also known to be the magnihde square of the fractional Fourier transform [l, 151. The fract,ional Fourier transform has been related to wavelet t,ransforms [l, 161, neural networks [16] , and is also related to various chirp-related operations [l, 17, 18, 191. It can be optically realized much like the usual Fourier transform [I1 8, 9, 10l.Qther applications which are currently under study or which have been suggested include phase retrieval, signal detection, radar, tomography, and data compression.
In t.his paper, the discrete form of the fractional Fourier transformation is given. It is obtained as a result of the investigation on the fractional Fourier transformation of Sampled periodic signalsJt is shown that, the obtained discrete transformation is valid for a discrete set of transformation orders. However, since this set is dense in the set of all possible orders, it does not impose tight restrictions. Also, an O ( N log N ) algorithm for the computation of the N-point discrete transformation is provided. Hence, in many of the above mentioned applications it i s now possible to use the efficient discrete algorithm for effective use of the fractional Fourier t.ransformation.
The ath order fractional Fourier transform
where 6, = 7 . T h e kernel approaches BO(z,z') = 6(zz') and B*tz(z, G ' ) E S(z + 2') for a = 0 and a = 1 2 respectively. T h e definition is easily extended outside the In this section, 1.he discrete form of the fractional Fourier transformation is obtained. For this purpose, fractional Fourier transform of a sampled periodic signal is investigated. This approach can be motivated by the similar analysis that can be carried out for the Fourier transformation leading to the definition of discrete Fourier t r a n s f o r~~t~o n (DFT) [24] . Let f ( z ) be a sampled periodic signal with a period B O : where N , number of samples in a period is taken to be even. Its order-a fractional Fourier transform, f a , can be obtained by using Eqn. 2.1, giving which are satisfied by t a n 4 = q / p and Aa = J~A o .
I n the rest of the paper, we assume that 4 satisfies these conditions. By using the shift property of the fractional Fourier transformation, Eqn. 3.3 can be written as:
T h e inner summation in Eqn. 3.9 is the shifted fractional Fourier transformation of a uniform impulse train with period Ao, which is denoted by 6,(z):
By using the relation between the projections of the Wigner distribution and the magnitude square of the fractional Foiiricr transformation, it can be shown that fi,(z) is also a uniform impulse train with a quadratic phase term:
where r is the greatest common divisor of q and N. If q and N are relatively prime, then we get the following transform relation for fa(%) in Eqn. 3.9: kA0 e x p ( j r ( 2 cot I$ -2 2 -
Note that to get Eqn. 3.12 we made use of the fact that ( &)Ao cos 4 = R p / A , . In this form of the transform relation, we see that the transform of the sampled periodic signal is also a sampled and periodic signal with a sampling interval of l/A,. This is the important property that allows us to claim the discrete fractional Fourier transform as being the relation between the magnitudes of the impulsive sequences in respective domains. This leads us to the following form for the discrete definition of the fractional Fourier transformation (DFFT):
where we made use of N = A; t o get the above symmetric form of the transform, and the discrete transformation kernel ' T+ is given by: (3.14)
A fast algorithm for the efficient computation of the D F F T can be obtained as in the following steps:
where in the first step h a ( k ) can be obtained by computing N multiplications, in the second step the required convolution can be performed by using F F T s with a requirement of O ( N log iV) multiplications, and in the final step fa(n)
for -N I 2 5 n 5 N / 2 -1 can be computed by using N multiplications. Hence, the total number of multiplications required by the above algorithm is O ( N log N ) the same complexity as F F T , is given for the efficient computation of the discrete transformation. Hence, it is expected t,hat in many of the applications where fractional Fourier transformation has been found useful, the discrete fract,ional Fourier transformation will be used to increase efficiency. 
